Professor Silvio Savarese
Computational Vision and Geometry Lab

Silvio Savarese Lecture 3 - 13-Jan-15



o qugﬁgian problem
- Camera-calibration with radial distortion
e Example

Reading: [FP] Chapter 1 “Geometric Camera Calibration”
[HZ] Chapter 7 “Computation of Camera Matrix P”

Some slides in this lecture are courtesy to Profs. J. Ponce, F-F Li

Silvio Savarese Lecture 3 - 14-Jan-15



Projective camera

f = focal length



Projective camera

XC

C’=[u,, v,]

f = focal length

u,, v, = offset

(note a different convention w.r.t. lecture 2)



Projective camera

Units: k,I [pixel/m] f = focal length
f [m] u,, v, = offset
Non-square pixels a, p — non-square pixels

a, 3 [pixel]



Projective camera

f = focal length

u,, v, = offset

a, § — non-square pixels
0 = skew angle



Projective camera

0 0 10

K has 5 degrees of freedom!

— N < X

f = focal length
u,, v, = offset

a, § — non-square pixels

1 0 =skew angle



Projective camera

>

R,T
4 k

4x4

f = focal length

u,, v, = offset

a, § — non-square pixels
0 = skew angle
R, T = rotation, translation
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Projective camera

R, T
&~ k

/
P =M PW f = focal length
u,, v, = offset
=K R ......... T PW a, B — non-square pixels

) 0 = skew angle
Internal parameters _ _
External parameters R, T = rotation, translation



Projective camera
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Theorem (Faugeras, 1993)

M=K|[R T|c|KR KT|-[4 b] 4-
[Eq.13; lect. 2]
e A necessary and sufficient condition for M to be a perspective
projection matrix is that Det(.A) # 0.

e A necessary and sufficient condition for M to be a zero-skew
perspective projection matrix is that Det(A4) # 0 and

(@1 X a3) - (as X a3) = 0.

e A necessary and sufficient condition for M to be a perspective
projection matrix with zero skew and unit aspect-ratio is that

Det(.A) # 0 and

{ (a1 X a3) - (ay x az) =0,
(@1 X a3) - (a; X a3) = (ay X a3z) - (az X ag).
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Projective camera




Weak perspective projection

When the relative scene depth is small compared to its distance from the camera

f Zo




Weak perspective projection

f Zo

Magnification m




Weak perspective projection

Zo

Projective (perspective)

M=K|R T]|-

‘A b

v 1

P

Weak perspective

> M=

‘A b

0 1



_ml-
P'=MP, =|m,|P,
m3
= mIPw m2Pw
>( :
m3Pw m3Pw
-ml_
P=MP_  =|m,|P,
m3
E

— (ml Pw’ m2 Pw)

A
| |

magnification

m, Py,

m, Py,

_m3 PW |

_ m,
A b

M = = |m,
v 1

- |m,

‘A b

M =
0 1
m, | m,
=|m, (= m,

m,| [0 0 0 1

Weak perspective



Orthographic (affine) projection

Distance from center of projection to image plane is infinite

I
< X




Pros and Cons of These Models

e Weak perspective much simpler math.
— Accurate when object is small and distant.
— Most useful for recognition.

* Pinhole perspective much more accurate for

scenes.
— Used in structure from motion or SLAM.



Weak perspective projection
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The Kangxi Emperor's Southern Inspection Tour (1691-1698) By Wang Hui
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Weak perspective projection

The Kangxi Emperor's Southern Inspection Tour (1691-1698) By Wang Hui
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Lecture:3 gy

Gamera Calibration

e Recap of camera:models

e Camera calibration problem

e Camera-caltbration with radial distortion
e Example

Reading: [FP] Chapter 1 “Geometric Camera Calibration”
[HZ] Chapter 7 “Computation of Camera Matrix P”

Some slides in this lecture are courtesy to Profs. J. Ponce, F-F Li

Silvio Savarese Lecture 3 - 14-Jan-15




Projective camera

P'=MP, —KR T P

---------------------

Internal parameters
External parameters

( arr{ — a cot 01‘3 + uor?,: at, — acot0t, + ugt, )
3 3
e sin 91'2 +vory sin Gt + ot
T
\ 3 L. /3x4
‘o —acotb u ] T 't
=10 P s R=|r, T=|t,
sin 6 ° T
0 0 1 T t,




Goal of calibration

Estimate intrinsic and extrinsic parameters
from 1 or multiple images

P=MP, =K[R T|pP

[ar] — acotOry +ugrs oty — acotOt, + ugt, )
3
M = rl + vort t, + vot,
sin @ 073 sm@ !
T
\ T3 L. /3% 4
‘o —ocotf u T 't _
. * Change notation:
K =0 P % R =|r, T'=|t, P=P,
sin O ° T .
| r z
_O 0 _ =N 2 b= P




Calibration Problem

s
W
(W) Calibration rig
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P.... P, with known positions in [O,,i,jy:Ky]



Calibration Problem

VK&
W
(W) Calibration rig

iImage

A\ ey

—]
L~
e
L~
e

A\ N\

;
lW

P,... P, with known positions in [O,,i,j:Ky]
P4, ... P, KNOWN positions in the image
Goal: compute intrinsic and extrinsic parameters



Calibration Problem

bk
W
(W) Calibration rig
1 -
P Image
1P
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How many correspondences do we need?

* M has 11 unknown -+ We need 11 equations -+ 6 correspondences would do it



(W)

A\ N\ N\
A\ N\ N\

Calibration Problem

A\ oy

‘kW

Calibration rig

iImage

In practice, using more than 6
correspondences enables more robust results



Calibration Problem
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' m, P. =
1 1 1 V m2 Pi m
/: i 3

in pixels _ m, P. _ [Eq 1]




Calibration Problem

‘m, P -
U; m, P.
[Eq 1] Vi m, Pi
] m, P,
u, = m, % > u.(m,P)=m P — u(m,P)-m P =0
" m,P
V. = m, Pi > Vi(m3 P1) =m, Pi —> Vi(m3 Pl_)_ln2 Pi =(
m3 1

[Egs. 2]



Calibration Problem

([ w(my B)-m; /=0
vi(m; H)-m, A =0

u;,(m; P)-m; P =0 [Egs. 3]
v.(my P)-m, P =0

l

u,(my; P)-m P =0
\ v,(m; P)-m, P =0




Block Matrix Multiplication

A = Ay Ay B - B, By,
_A21 Azz_ _le Bzz_

What is AB ?
AR = A\By + 4,8, A,\Bj + 4,8,

_Aleu + 4,8, 4,5, + Azszz_




Calibration Problem
( known
‘”1(1113 Pl)+m1 Pl = () unknown

-v(m; F)+m, /; =0

~u,(m; P)+m, P, =0 -
Homogenous linear system

-v,(m; P)+m, P, =0

\ 1x4 .
...... : )
(P1T OT —MLPIT:\ /T \
....... T
I o [
P = : m =|m!
P, 0" -upP m?
' s . 3 12x1
O BB ) anxe \ 0




Homogeneous M x N Linear Systems

M=number of equations = 2n
N=number of unknown = 11

N Rectangular system (M>N)

+ O Is always a solution

* To find non-zero solution

Minimize |IP ml2

under the constraint Iml2 =1




Calibration Problem

Pm=0

* How do we solve this homogenous linear
system?

* Via SVD decomposition!



Calibration Problem

Last column of V giVGS Ml | Why? See pag 592 of HZ

def

(m; )

T
m2

\m;




Extracting camera parameters

(ar] — acotOr] + uyry at, — acotBt, + ugt,

g + vord t, + vot,
rl L vor: v
sin@ 2 073 Sm9 0%z

\ 3 t. )

~




Extracting camera parameters

(arl — acot Ord + ugrs at — a.cot 01, + uot, \
' 3 3 ;
M = T‘z + U()T:{ ty + Vot 3 K[R T]
i sin sin @ 7
T
p \ r3 tz } a -ocotd u
......................................................................................................................... i,
y b o
Box 1 . .
S 3 Intrinsic
a D — N2 .
}F : 0 = *1 u,= P (al a3)
A=|a b=|b : ‘ ‘ 2 (0 .
i 2 33 Vo = p (a2 a3)
= % 3] (a, xa, ) (a, xa,)
e e cosh =132 3
Estimated values ‘al Xag‘ "32 Xa3‘




Theorem (Faugeras, 1993)

Let M= (A b)bea3dx4matrix and let a! (i = 1,2, 3) denote
the rows of the matrix A formed by the three leftmost columns of

M.

e A necessary and sufficient condition for M to be a perspective
projection matrix is that Det(.4) # 0.

e A necessary and sufficient condition for M to be a zero-skew
perspective projection matrix is that Det(A) # 0 and

(a1 X a3) - (as x a3) = 0.

e A necessary and sufficient condition for M to be a perspective
projection matrix with zero skew and unit aspect-ratio is that

Det(A) # 0 and

(a1 X a3) - (as X a3z) =0,
{ (@1 X a3) - (a; X a3) = (ay X a3) - (az X az).



Extracting camera parameters

(arl — acot Ord + ugrs iat, — acot 0t, + uot., \
: 6 ¥ 5
M = rl + vord ty+uvot, i = K[R T]
— sin ¢ sm9
T
P\ T3 22 )
S 3 Intrinsic
. a Oy |
T : _ 0?2 -
§A: a, b=|b,| a=p ‘alxa3‘sm6
T
a D 2 .
3 3 _
_ B=p ‘azxa3‘3m6
Estimated values




Extracting camera parameters

(ozrl — acot Ord + ugrs at — a.cot 0t + ugt, \

' 3 3 ;
M = rd + vord ty+vot, _K[R T]
— sin ¢ sin @ 7

T H
P\ T3 22 )
S 3 Extrinsic
: 4 1| (a Xa, ) _ *a,
A=|a = :
i 21 ‘az X as‘ ‘33‘
: 4; O3 |
Estimated values 2 3ol 1= Y Kb




Degenerate cases
‘ kw

(W)

A\ oy

A\ N\ N\

A\ O\

Y
Ly

-P.’s cannot lie on the same plane!

* Points cannot lie on the intersection curve of two
guadric surfaces
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Lecture:3
Gamera Calibration

o 'Recap ofprojective cameras

e Camera calibration problem

o Cameta calibration with radial distortion
e Example

Reading: [FP] Chapter 1 “Geometric Camera Calibration”
[HZ] Chapter 7 “Computation of Camera Matrix P”

Some slides in this lecture are courtesy to Profs. J. Ponce, F-F Li

Silvio Savarese Lecture 3 - 14-Jan-15




Radial Distortion

— Image magnification (in)decreases with distance from the optical axis

— Caused by imperfect lenses

— Deviations are most noticeable for rays that pass through the edge of
the lens

No distortion

|
| . .
i | Pin cushion
|
|

Barrel




Radial Distortion

Image magnification decreases with distance from the optical center

1 :

A i o
1 u.

0 — O0|MP — =p.
A \£

O 0 1 B

K=1¢E§Kp§dp d>=au’+bvi+cuv
[Eq 5] _ p=h J To model radial behavior [Eq 6]

Polynomial function




Radial Distortion

= Pj

_ql_
Q =14,
_q3-

Is this a linear system of equations?

4 N\

No! why?

uq, P =q, P,

Vviq; P =q, P
[EQs.7]



General Calibration Problem

“a. P
o q, P > X = f(Q) [Eq .8]
il |4 P \ N\
Vi q, P parameters
- - measurements
q; P
i1 n f( ) is the nonlinear mapping

-Newton Method
-Levenberg-Marquardt Algorithm

- lterative, starts from initial solution
- May be slow if initial solution far from real solution
- Estimated solution may be function of the initial solution
- Newton requires the computation of J, H
* Levenberg-Marquardt doesn’t require the computation of H



General Calibration Problem

“a. P
o q, P > X = f(Q) [Eq .8]
il |4 P \ X
Vi q, P parameters
- - measurements
q; P
i1 n f( ) is the nonlinear mapping

A possible algorithm

1. Solve linear part of the system to find approximated solution
2. Use this solution as initial condition for the full system
3. Solve full system using Newton or L.M.



General Calibration Problem

q, P .
U, | q, P, g )\(_ f((Q
Vi q, P parameter
- - measurement

f( ) is nonlinear

Typical assumptions:

- zero-skew, square pixel
- U,, V, = known center of the image



Radial Distortion

q, P m, P
-ui - |lq;s P 1 im;P
Pi = V. @, P | A |m,P
- q; P, m; P,

Can we estimate m, and m, and ignore the radial distortion?

Hint:




Radial Distortion

Estimating m, and m,...

R (m, P) [Eq.9]
p.= Ui =l m3Pi . &= (m3]31) =m1}3
i Vi A | m, Pi v, (m2 pl ) m, B
Cm A (m, P)
[Eq .10]
(

v(m, B)-u,(m, B )=0  [Eq.11] .
<Vi(m1Pl-)—ui(m2Pi)=() L n=0 n=| !
: l -mz-

\vn(ml })n)_un(mz })n)=0 Get m, and

m, by SVD Tsali [87]



Radial Distortion

Once that m, and m,, are estimated...

‘m, P

U, 1 | m, P.

Vv A |m, P
m, P,

P; =

m, is non linear function of m, m,, )

There are some degenerate configurations for which m, and m, cannot be computed



e Example

Reading: [FP] Chapter 1 “Geometric Camera Calibration”
[HZ] Chapter 7 “Computation of Camera Matrix P”

Some slides in this lecture are courtesy to Profs. J. Ponce, F-F Li

Silvio Savarese Lecture 3 - 14-Jan-15



Calibration Procedure

Camera Calibration Toolbox for Matlab
J. Bouguet —[1998-2000]

http://www.vision.caltech.edu/bouguetj/calib_doc/index.html#examples

Click on the four extreme corners of the rectangular pattern...

50
100

1580

100 200 300 40 500 600



lon Procedure

Ibrat

Cal

Calibration images

l‘.




Calibration Procedure

Click on the four extreme comers of the rectangular pattem (first comer = ongin). . Image 1 Click on the four extrems comers of the rectangular pattem (first comer = ongin) .. Image 1
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Click on the four extrerne comers of the rectangular pattern (fest corner = ongn)... Image 1 Chck on the four extreme comers of the rectangulse pattem (first corner = ongin). . Image 1
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Calibration Procedure

Extracted corners

(awiel) elawed ul

e

JA

300 400 500 600
Xc (in camera frame)

200

100



Calibration Procedure

Image points (+) and reprojected grid points (o)

50
100
150
200

250

100 200 300 400 500 600



Calibration Procedure

Reprojection error {in pixel) - To exit: right button

S

B

+l




Calibration Procedure

Extrinsic parameters

200\.........;......
100\.........;....”
400,

-200

Switch to world-centered view l




Calibration Procedure

Extrinsic parameters

world
Switch to camera-centered view |




Next lecture

Single view reconstruction



